The accuracy with which acceleration can be determined from GPS data has been investigated. This has been done to evaluate whether the GPS acceleration could provide a reasonably accurate attitude reference when compared to the acceleration measured by an accelerometer on board a vehicle.
Introduction
The Global Positioning System (GPS) is a spacebased radio navigation system. It provides the ability to determine position and velocity anywhere on the globe. In autonomous mode, position is determined from time-of-flight measurements of the GPS signals, and velocity is determined from their Doppler shifts. The system consists of 24 satellites, a control segment, and a user segment. A stand-alone user can determine position, velocity, and universal time via passive reception of the signals from 4 or more satellites. For civilian users employing the standard positioning service, the stand-alone accuracy of this system is on the order of 100 m in horizontal position, 140 m in vertical position, 1 m/s in velocity, and 0.35 µsec in time. Higher accuracies are available to military users who do not have to contend with deliberate signal degradation (Selective Availability) and for civilian users operating in a differential mode 1 . Acceleration of a receiver can be deduced from the GPS signal. Acceleration is determined by differentiation of the velocity. Any standard realization of a differentiator will suffice. Real differentiators also must filter out high-frequency components to avoid excessive noise on the output. Therefore, the differentiated signal will have some phase lag behind the true acceleration.
Acceleration determination is not a typical use of the GPS system. Accelerations are used in inertial navigation systems only because they can be directly measured. They allow position and velocity to be deduced by integration. Position and velocity are already available from the GPS signals; so, acceleration is not needed to derive them.
GPS-derived accelerations are considered in the present paper because they may be useful as a new type of attitude reference. In fact, GPS-derived acceleration has already been used to derive a "pseudo attitude" for an aircraft 2 . GPS-derived acceleration can be used as an absolute attitude reference by using it in conjunction with a 3-axis accelerometer. The GPS acceleration vector, when combined with the gravity vector and the centrifugal and Coriolis effects of the Earth's rotation, can provide the equivalent of an accelerometer output. This output is expressed in Earth-fixed coordinates. A proof-mass-type accelerometer on board the moving vehicle gives this same vector in body coordinates. Comparison of these two vectors yields two of the three unknown rotations between the Earth-fixed coordinate frame and the vehicle body's coordinate frame.
GPS-derived accelerations have already been considered in two contexts. One is that of airborne gravimetry. References 3 and 4 are examples of work in this area. Airborne gravimetry requires acceleration accuracies on the order of 10 -6 g in order to accurately map out the gravity field by differencing the GPSderived inertial acceleration with the output of a proofmass accelerometer. The required accuracies are achieved by using differential GPS and by averaging the results over time periods on the order of a minute. The resulting long delay times are unacceptable for purposes of real-time attitude determination as part of a flight-control system, but then again, the accuracies achieved by these techniques are much greater than are needed for real-time attitude determination.
Acceleration may be estimated as part of a GPS receiver's navigation solution 2, 5 . Unfortunately, no data is available about the accuracy that can be achieved or about its dependence on filtering time constants.
The GPS system has been shown to be useful as an attitude determination system 2, 6, 7 . Except for Ref.
2, all GPS-based attitude determination systems make use of multiple antennae. Such attitude determination systems are based on determining the relative positions of the various antennae using phase differences of the GPS carrier signal. Such methods are totally different from the method based on GPS-derived acceleration that will be described in this paper.
The goal of the present work is to determine the possible accuracy of GPS-derived acceleration for a stand-alone civilian receiver and to outline ways of using this signal as part of an attitude determination system. The accuracy will be determined both from models of Selective Availability * (SA) and from experimental data. The discussion of the attitude reference will outline some system concepts, explain some of the mathematics of attitude determination based on GPS acceleration, and estimate likely accuracy and bandwidth.
The importance of this work is that it suggests a way to determine 3-axis attitude from the GPS signal, in concert with other sensors, without the need for multiple GPS antennae. This would make installation on aircraft easier because only one antenna would be needed. That antenna could be placed in the location most likely to remain visible to many GPS satellites. Due to the limited dimensions and weight budgets of micro air vehicles 8 , this approach might be the only practical means of using GPS to get a true attitude reference. In other situations, this approach might be used as a redundant means of attitude determination.
The body of this paper discusses GPS acceleration and acceleration-based attitude determination in 3 sections.
Section 2 discusses several real-time differentiators for acceleration determination and analyzes their accuracy based on a model of Selective Availability.
Section 3 presents experimental acceleration determination results. Section 4 * Selective Availability is a deliberate degradation of the GPS signal's accuracy for non-U.S.-military users. It has been introduced in order to deny use of the full accuracy of the GPS system to adversaries of the United States. It is the principal source of position and velocity errors for autonomous civilian users.
discusses attitude determination using the GPS-derived acceleration vector, and it includes a limited analysis of the expected performance. Section 5 concludes the work.
II. Mechanisms for GPS Acceleration Determination and Analytic Predictions of
Accuracy Earth-relative acceleration, a ECEF , can be determined by simple time-differentiation of the Earth-relative velocity signal, v ECEF .
# The Earth-relative velocity is a standard output of a GPS receiver. It is determined by measuring the Doppler shifts of the carrier frequencies of the radio signals from the GPS satellites.
A Noise Model. Time differentiation tends to amplify the effects of high-frequency noise. This raises a serious question as to whether the derived acceleration signal will be too noisy to be of any practical use. In order to investigate this question, a noise model is needed for the GPS-derived velocity signal.
For a stand-alone civilian GPS receiver, the largest single source of noise is the clock dither due to SA. The theoretical model of velocity error that will be used here is a model that has been adopted as a standard for describing SA 
where e x is the SA effect on range errors from the receiver to a given satellite (in meters), e v is the SA effect on range-rate errors to a given satellite (in m/s), and w(t) is a Gaussian white noise process with statistics E{w(t)} = 0 and E{w(t)w(τ)} = δ(t-τ). This model is known to produce velocity error predictions that are noisier than the real SA effects 9 . Therefore, the results that will be derived using this model will probably be conservative; i.e., they will probably show poorer accuracy than can actually be achieved by a real system.
The effects of range-rate errors on velocity and acceleration errors depend on satellite geometry. This geometry factor is summarized by a quantity known as the geometric dilution of precision (GDOP) 1 . For modern receivers that have 10 to 12 channels, GDOP is often less than 3 under good satellite viewing conditions. Such low values of GDOP imply that peraxis velocity error statistics will be on the order of the # The notation ECEF stands for the Earth-Centered, Earth-Fixed coordinate system with axes defined as follows: Z points towards the north pole, X points to the equator at the Greenwich meridian, and Y obeys the right-hand rule. 
where v ECEF is the input to the filtered differentiator, z is its state vector, τ is the filtering time constant, and a ECEF is the output. The value of τ determines the amount of lag in the acceleration signal and the amplitude of the remaining noise. In designing a differentiator, there is a trade-off between wanting to make τ small in order to reduce lag and not wanting to make it so small that the signal gets too noisy. The accuracy of the acceleration determined by this differentiator can be estimated by combining eqs. (1)-(2b). In this analysis, the value of e v that is output by eq. (1) Discrete-Time Differentiators and Their Predicted Accuracies. GPS systems are digital. In practice, a discrete-time approximation of eqs. (2a) and (2b) would be used to determine acceleration, an approximation such as:
In these equations the subscript (k) refers to sample time 
Fig. 1. Theoretical standard deviation of the GPSderived acceleration as a function of the continuoustime differentiator's filter time constant.
The accuracy of the acceleration output in eqs. (4a) and (4b) can be analyzed using a discrete-time version of the analysis that produced the result in eq. (3). For ∆t << τ, i.e., for α near 1, the resulting standard deviation of the error in a ECEF(k) is approximately equal to the result in eq. (3).
A special case of the digital differentiator is that of eqs. (4a) and (4b) with α = 0. Using eq. (4a) to determine that z (k) = v ECEF(k-1) , this special case reduces to the simple finite-difference formula:
Covariance analysis of the SA effect yields the following formula for the standard deviation of the error in a ECEF(k) : 
In this formula, the sample interval ∆t is expressed in sec., and σ a is expressed in m/sec 2 . Figure 2 shows this alternate standard deviation function plotted vs. ∆t.
For small τ and small ∆t, 
Fig. 2. Theoretical standard deviation of the GPSderived acceleration as a function of the finitedifference differentiator's sample period.
Dealing with Changes in the Set of Available GPS Satellites. During the course of a long flight or during large maneuvers it is possible that the GPS receiver might lose lock on some satellites. Conversely, it might acquire lock on newly visible satellites that have just risen above the horizon. Such changes could cause small but abrupt changes to the receiver's position and velocity estimates. Such abrupt changes, when differentiated to get acceleration, might cause unacceptably large errors.
The way to avoid such problems is to estimate acceleration directly from second derivatives of the receiver's integrated carrier phase. This type of procedure is straightforward 3 . It involves essentially no loss of accuracy because the receiver's velocity estimates are based on Doppler shifts, which, in turn, are derived by taking first derivatives of the integrated carrier phase.
Large acceleration glitches at changes in the satellite set can be avoided by avoiding large glitches in the second derivatives of the integrated carrier phase. These latter glitches can be avoided by using only the set of GPS satellites for which enough valid integrated carrier phase data is available. This is the set of satellites that remain visible and locked during the differentiation interval.
Derivation of Inertial Acceleration. The attitude determination application requires the inertial acceleration vector. The acceleration vector a ECEF(k) is the acceleration with respect to the Earth-fixed reference frame. This reference frame rotates. In order to determine the inertial acceleration, the centrifugal and Coriolis effects must be added in:
where a IN/ECEF is the inertial acceleration expressed along ECEF axes, ω E is the Earth's rotational angular velocity vector (directed along the ECEF +Z axis), and r ECEF is the position of the receiver in ECEF coordinates.
The main contributor to the error in a IN/ECEF is the error in a ECEF . This fact can be deduced by considering the effects of the other terms in eq. (7). The errors due to the Coriolis term are on the order of 1.5x10 -5 g's or less for a stand-alone civilian GPS receiver because the uncertainty in v ECEF is on the order of 1.0 m/sec or less 9 . The centrifugal term's errors have an upper bound of 8.1x10 -8 g's because the r ECEF uncertainty is on the order of 150 m or less 9 .
III. Experimental Tests of Acceleration Determination Accuracy
The achievable acceleration accuracy can be investigated experimentally by placing a GPS receiver on a platform whose acceleration is known by other means. The results of such studies are reported in Refs. 3 and 4 for differential GPS systems. New tests were warranted to find out the effects of SA on acceleration determination accuracy for a stand-alone civilian receiver. Also, the new tests examined much shorter averaging periods to explore whether highbandwidth acceleration estimation will be feasible.
Two studies have been conducted. One was for a GPS receiver that flew on a sounding rocket. That rocket flew out of the atmosphere so that there were no significant accelerations other than those produced by gravity. Therefore, it has been possible to deduce the correct system acceleration from a gravity model. The other study was for static receivers. Their accelerations are known to have been zero.
Sounding Rocket Tests of Acceleration Accuracy. The sounding rocket test used data from the NASA "PHAZE II" mission. This sounding rocket was launched to study the physics of the auroral zone. It flew to a maximum altitude of 945 km and stayed aloft for more than 1000 seconds. It carried a Trimble TANS II GPS receiver, which output r ECEF and v ECEF approximately once every second.
The GPS acceleration accuracy for this mission has been evaluated by calculating a ECEF in two ways and comparing the results. The first way was by finite differencing of the velocity data, v ECEF (1) , v ECEF (2) , v ECEF(3) , ..., v ECEF(N) as in eq. (5). This was the experimental acceleration whose accuracy was to be checked. The second way of computing a ECEF was by using the formula:
which assumes that the rocket's inertial acceleration was due only to gravity. This assumption was analyzed and found to be reasonable for the part of the flight when the boosters were spent and the rocket was well outside of the sensible atmosphere, above 160 km. During this flight phase, the predicted errors caused by this assumption are orders of magnitude smaller than the expected errors in the time differentiated GPS velocity signal.
The acceleration in eq. (8) provides the "truth" value for evaluating the finite-difference-derived acceleration. The r ECEF and v ECEF values that have been used in eq. (8) are those from the GPS receiver. Although these values are noisy, the effect of their errors on the truth value of a ECEF is negligible compared to the expected errors in the finite-difference acceleration.
The gravity model that was used in eq. (8) 
where (r ECEF ) i is the ith component of r ECEF . The J 2 -induced acceleration magnitude is on the order of the expected finite-difference acceleration errors. This effect had to be included in the truth model in order to make its accuracy better than that of the data that was being evaluated.
The acceleration results for this case are shown in Figs. 
3-5. These figures plot the experimental values a ECEF(k) at the inter-sample times 0.5[t (k) + t (k-1)
] in order to remove the effects of differentiator delay from the present discussion. As can be seen from the figures, the theoretical and experimental curves fall right on top of each other. The only noticeable difference is the high-frequency noise in the experimental curves. 
Fig. 5. Experimental and theoretical ECEF Zaxis acceleration time histories for the PHAZE II sounding rocket.
The curves in Figs. 3-5 were originally generated with a theoretical acceleration whose gravity model did not include the J 2 Earth oblateness terms. In these original curves there was a noticeable low-frequency error between the theoretical and experimental acceleration curves. That error was eliminated by inclusion of the J 2 terms. Thus, the GPS-derived accelerations are sensitive enough to "see" the J 2 effect.
Except for the glitches that occur in the plots before t = 200 sec, the differences between the theoretical curves and the experimental curves are less than 0.009 g, which is very good performance. The larger glitches that occur before t = 200 sec are probably real accelerations, perhaps due to deployments or separations --notice how the large glitch at t ≅ 175 sec appears on all three plots. Alternatively, they may have been caused by changes to the set of GPS satellites that was used to generate the velocity solution.
These results have been compared to the theoretical accuracy model, which is given for this differentiator in eq. (6) . As an example, Figure 6 
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Fig. 6. Difference between experimental and theoretical ECEF Z-axis acceleration time histories
for the PHAZE II sounding rocket.
As can be seen on Fig. 6 , the actual errors are mostly smaller in magnitude than the predicted theoretical standard deviations. This trend holds true for all three components of the acceleration. This level of accuracy is very good. The standard deviations are less than 0.0025 g per axis. This level of accuracy is due partly to the long interval used between velocity samples, ∆t = 1 sec. in most cases. For shorter sample times the accuracy will probably degrade, but if these results are any indication, the performance will be better than that predicted by Figs.  1 and 2 .
There is a question about the effect of any filtering that might have been used by the Trimble GPS receiver in its calculation of v ECEF . The process of computing Doppler shifts for velocity determination is inherently an averaging process. If the receiver were to average over long intervals, then the resulting velocities would have lower random errors and would give rise to optimistic results when computing acceleration errors. The net effect would be like that of using a longer sample time, ∆t, in the acceleration calculation, which would tend to decrease noise-induced error as per Fig.  2 .
The possibility of significant delay in the velocity calculation has been investigated by a curve-fitting technique. The unknown velocity computation delay time has been estimated by fitting a time delay to the acceleration data in Figs. 3-5 . If there is a delay, then a shift of the experimental acceleration curves to the left should produce a better fit to the theoretical curves.
The receiver does not show any appreciable delay in its velocity calculation. The best-fit time shift has been computed. It is -0.2 sec., indicating a negative delay. This unphysical result is explainable in terms of the random errors in the experimental curves. Random white noise in the experimental curves produces an uncertainty in the "best-fit" delay that has a standard deviation of 0.2 sec. for this case. Thus, random effects account for the observed unphysical negative delay, and the true delay is zero to within experimental error.
Tests of Acceleration Accuracy Using Static Receivers. Static tests have been conducted using a Magellan GPS ProMark X CP hand-held receiver and using a Plessey GPS Builder 2 receiver. Each of them was connected to a stationary antenna mounted on the top of a building, and each produced outputs of pseudo range and Doppler shift once every second. This data was then processed using a MATLAB software package to determine the navigation solution and the velocity, r ECEF and v ECEF . Afterwards, the v ECEF velocity solutions were finite-differenced to compute accelerations as per eq. (5). These accelerations have been compared to the known true Earth-relative acceleration, which was zero for these cases.
The Magellan receiver produced very good acceleration results. Operating with 7 satellites and a GDOP of about 2.8, the standard deviations for the ECEF x, y, and z acceleration errors were 0.00035 g, 0.00119 g, and 0.00044 g, respectively. The maximum component acceleration error was 0.0037 g. As an example of these results, Fig. 7 shows a static Magellan receiver's computed acceleration time history along the ECEF x axis. The expected per-axis standard deviation from eq. (6) is σ a = 0.0053 g at ∆t = 1 sec. Thus, the actual standard deviations were smaller than the theoretical values by factors ranging from 4.5 for the y acceleration component to 15 for the x component.
Fig. 7. ECEF X-axis component of the acceleration time history of a static antenna as determined from
Magellan receiver data.
These results are better than for the Trimble receiver data from the PHAZE II sounding rocket flight. It is not clear why this is so. Perhaps the Magellan receiver uses longer averaging intervals for its Doppler shift readings than does the Trimble receiver.
The Plessey receiver produced poor results. Operating under similar conditions to the Magellan receiver, the Plessey receiver's ECEF x-, y-, and z-axis acceleration error standard deviations were 0.028 g, 0.062 g, and 0.063 g, respectively. Figure 8 shows an example of the Plessey receiver's computed ECEF z axis acceleration time history for a static antenna. These results are between 5.3 and 11.9 times worse than the theoretical value of σ a = 0.0053 g, which is given by eq. (6). These accuracies are also much poorer than those achieved by the Trimble and Magellan receivers.
Fig. 8. ECEF Z-axis component of the acceleration time history of a static antenna as determined from
Plessey receiver data.
The poor results for the Plessey receiver highlight the importance of proper receiver design to the task of acceleration determination. The receiver includes various feedback loops that allow it to lock on to a GPS satellite's signal and to track its pseudo random code and Doppler shift. If these loops are tuned poorly, then the resulting Doppler shift data will be corrupted by receiver-generated noise. This may be what happened with the Plessey receiver.
IV. Use of the GPS-Derived Acceleration Vector as
an Attitude Reference The Sensed Acceleration Vector as a 2-axis Attitude Reference. The GPS-derived acceleration can be used to provide a vector attitude reference if used in conjunction with a 3-axis accelerometer. The basic concept is to determine the "sensed" acceleration vector, y, in 2 different coordinate systems and to use it as a reference to relate the attitude of one coordinate system to the attitude of the other. Such a singlevector measurement gives two-axes worth of attitude information.
The "sensed" acceleration vector is defined here to be that quantity which an accelerometer senses, i.e., the inertial acceleration minus the gravitational acceleration. In a vehicle's body reference frame this vector can be measured directly by a 3-axis accelerometer; call it y body . This vector can be constructed in the Earth-fixed reference frame by using the outputs of the GPS receiver: 
where r ECEF and v ECEF come directly from the GPS receiver, a ECEF is determined by filtered differentiation of v ECEF as described above, and the formula for g ECEF (r ECEF ) is given in eq. (9) above.
The directions of the two vectors y ECEF and y body determine 2 of the 3 Euler rotation angles of the transformation from Earth-fixed coordinates to body coordinates. In an aircraft or a ship, these vectors nominally point towards nadir. In this case they provide a roll and pitch attitude reference, and the remaining unknown Euler angle is yaw.
In the case of a turn, an aircraft loop, or almost any other maneuver, the sensed acceleration vector still provides 2-axes worth of attitude information, but the two axes are not necessarily roll and pitch. The only situation in which this vector would fail to provide an attitude reference would be a free-fall maneuver, such as is used to simulate zero-g in an aircraft. In this case, by the definition of free fall, both y ECEF and y body are vectors of zero length. While this limitation would not be a problem for most aircraft or marine applications, it precludes the use of this concept on a satellite, where free fall is the norm.
This attitude reference is expected to have reasonably good accuracy. The primary source of inaccuracy in the computed value of y ECEF in eq. (10) An alternate additional attitude reference would be a second GPS antenna displaced from the first. The baseline vector between the 2 antennae would have to have a direction different from the nominal y body direction. Such a system would be a hybrid of the present concept and the traditional multi-antenna GPS attitude determination concept. This hybrid concept might prove useful as a back-up to the traditional system for situations when some of the antennae or receivers fail or lose lock on too many satellites.
Yet a third possible auxiliary attitude reference is the Earth's magnetic field. This vector has traditionally been used to determine heading on ships and aircraft. It is natural to use it to resolve the (nominally) yaw uncertainty in the present situation. Figure 9 shows the block diagram of a system that uses y ECEF and y body and measurements of the Earth's magnetic field to determine 3-axis attitude of a vehicle. In this system the additional sensor measurement is the Earth's magnetic field vector in the vehicle reference frame, b body . It is measured by a 3-axis magnetometer, and it is compared to an Earth-fixed version of the same vector, b ECEF , which is computed using the GPS position vector, r ECEF , and a model of the Earth's magnetic field.
The GPS/Magnetometer system is attractive. Micro-machined accelerometers and solid-state magnetometers exist or are being developed. Therefore, a very compact system could be designed. Also, the uncertainty of the modeled Earth magnetic field vector's direction is comparable to the uncertainty of the GPS-derived acceleration vector's direction; so, the two measurements are well matched. A drawback of a GPS/Magnetometer system has to do with the direction of the Earth's magnetic field vector. At the magnetic equator (near the geodetic equator), the Earth's magnetic field vector is horizontal. As one approaches the magnetic poles, the vertical component of b ECEF tends to dominate. At high latitudes b ECEF and the nominal direction of y ECEF -nadir -might be separated by only 20 o or less. This low separation will degrade yaw attitude accuracy, and during maneuvers the two vectors might coincide, thus making one axis of attitude temporarily unmeasurable. Future work should be done to develop Kalman-filter-based methods that extrapolate the attitude through such temporary singularities.
V. Conclusions
A GPS receiver can be used to determine the acceleration of a moving vehicle to reasonable accuracy. The acceleration is determined by time differentiation of the GPS-derived vehicle velocity. This effectively amounts to differentiation of the GPS Doppler shift or double differentiation of the GPS integrated carrier phase. Despite the usual noise amplification that accompanies differentiation, an experimental test with a sounding rocket yielded a worst-case acceleration error of less than 0.009 g for a 1-sec. finite-difference differentiation interval. This is remarkable when one considers that the signal contains a deliberately introduced noise source known as Selective Availability.
A model of the error's dependence on sample period has been used to predict an acceleration accuracy on the order of 0.04 g for 0.05-sec. sample intervals.
The GPS-derived acceleration vector can be used as a vehicle attitude reference in aircraft and marine applications if a 3-axis accelerometer is used in conjunction with the GPS receiver. The accelerometer senses the inertial acceleration vector minus the gravitational acceleration vector in body coordinates. The GPS receiver's position, velocity, and acceleration vectors can be used to reconstruct this same vector in Earth-fixed coordinates.
The knowledge of this vector's direction in two different coordinate systems provides 2 axes worth of information about the rotation from Earth-fixed coordinates to vehicle body coordinates. The accuracy with which the GPS acceleration can be determined suggests that the accuracy of this attitude reference will be on the order of 2 o or better when sampling at 20 Hz. Furthermore, if this data is combined with an on-board measurement of another known reference vector, such as the Earth's magnetic field, then the complete 3-axis attitude of the vehicle can be determined.
